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2violation can occur for three (or larger) number of mixed neutrinos, and is small (vanishes) if any single element of
the U matrix is small (vanishes). The CP violating eects are govern by one (three) Jarlskog invariant(s) [12] for
three (four) neutrinos. Finally, they vanish for short baseline oscillations [13]. All such limitations can be avoided in
the case of nonunitary neutrino oscillations.
In reality, the inuence of matter eects on neutrino oscillations is important. It can happen that the matter eects
mimic or even screen CP eects [14]. We will also investigate the role of the non-unitary U matrix in the neutrino
oscillations in matter.
The paper is organized as follows. First, in Chapter II the equation of motion for neutrino states in medium is
derived. Such an equation is well known in the case of the unitary neutrino mixing. To the best of our knowledge
the same equation has never really been found for the non-unitary mixing. Next, we use this equation to nd various
CP and T asymmetries, at rst analytically (Chapter III) and then numerically (Chapter IV). Conclusions close the
paper.
II. PROPAGATION OF STATES IN MATTER
It is well known that the interference between scattered and unscattered neutrinos can be crucial for their prop-
agation in matter, even if the probability of incoherent neutrino scattering is negligibly small. There are several
derivations of the evolution equation for neutrinos in matter [15]. In all cases, at rst an eective potential V
eff
,
which describes the averaged, coherent neutrino interactions with all background particles, has to be calculated. Using







) 	 = 0: (4)
Taking into account that during the evolution of the avour states, particle-antiparticle mixing is negligible, neutri-
nos do not change their spin projection and that they are relativistic particles, a simpler, Schrodinger like evolution







Usually the eective potential V
eff
is calculated in the neutrino avour basis. This is the traditional approach to
the three active neutrino mixing. If sterile and/or heavy neutrinos exist, it appears to be more natural to calculate
V
eff
in the eigenmass basis. There are several reasons why it is so. At rst, it is not clear conceptually how to
dene, in a consistent way, creation and annihilation operators for avour states [16]. At second, as a matter of fact,
there is no such an object as a avour eigenstate. For quarks, for instance, only eigenmass states are used. In this
context the only dierence between quarks and neutrinos are much smaller Æm
2
's. However, as we will see later,
the most important thing is that: using the eigenmass basis we will be able to avoid the non-hermitian evolution
of neutrino avour states aected by the heavy neutrino sector in a matter. The equation of motion in Chapter III
can be described by a hermitian Hamiltonian from which real eective neutrino masses follow. Final probabilities of
avour changing are aected by the heavy neutrino sector through initial conditions and then nonunitary eective
neutrino mixing appears.
In order to nd the eective potential V
eff























































































where n is the number of light (3+n
s
) and heavy (n
R




















The coherent neutrino scattering is described in general by three types of Feynman diagrams presented in Fig. 1. The
Higgs' particles exchange diagrams do not contribute as neutrinos are relativistic particles. In the normal matter all








(f = e), yet only diagram (a) contributes
to neutrino-nucleon scattering n
i
+ f ! n
k
+ f (f = p; n).








), the eective interaction of light neutrinos with a background particle f (f = e; p; n)
























































can be calculated from Eqs. 6,7 and for electrons (f = e) and













































































































































































is the part of the matrix element of the scattering amplitude n
i
+ f ! n
k
+ f connected with the fermion f


































) is the distribution function for the background particles of spin
~
 and momentum ~p, normalized



























must be calculated for a single
fermion in V = 1 (then for bispinors u we have u
y

































































denote the fermion's f energy, mass and spin four-vector, respec-
tively. The obtained relation between the vector M
V
and the axial-vector M
A
amplitudes is the consequence of the
















































































). In this way the set of coupled Dirac's equations



















= 0; k = 1; :::; 3+ n
s
: (19)
As we describe the propagation of light relativistic neutrinos only, a simpler Schrodinger-like evolution equation
















, we can get, in the momentum representation, the

























k; t) is the neutrino (antineutrino) state j	(t) > with momentum
~
k and helicity  =  1(+1),






j	(t) >. The eective Hamiltonian (we will assume from now on that





































































































































































































































for Dirac antineutrinos and Majorana neutrinos with  = +1:
(25)











We would like to stress, however, that these properties are not the general rules. They are satised because of the
V-A type of neutrino interactions in Eqs. 6,7, as it is in the case of relativistic neutrinos for which the scalar and
pseudo-scalar terms can be neglected.
Eq. 25 gives the most general Hamiltonian for an arbitrary number of (3+n
s
) light relativistic neutrinos propagating





>= 0), isotropic (< ~p
f






) medium. Then we arrive


























The above Hamiltonian always has (3 + n
s
)  (3 + n
s
) dimensions, independently if heavy neutrinos exist or not.
Let us rst consider two conventional cases with none and with a single sterile neutrino, when no heavy neutrino
exists (n
R
= 0, n = 3 + n
s

























If no sterile neutrinos are present (n
s
= 0), then, after removing the redundant diagonal terms in Eqs. 21,27, the
























If a single sterile neutrino is present (n
s



































From now on, we will only consider cases when there is at least one non-decoupling heavy neutrino present (n
R
 1).




) eigenmass basis, we need to expand the (3 + n
s























as given by Eqs. 21,27; if both k; i  (3 + n
s
);




These zeros mean that, for the physics of light neutrinos which we are interested in, the energy and momentum







































we can express the Hamiltonian Eq. 31 in the avour representation.
If no sterile neutrinos are present (n
s























































If a single sterile neutrino (n
s
































































In both above cases (Eqs. 33,34), we present the Hamiltonian in the light neutrino subspace only. The full Hamil-
tonian is more complicated and contains parts related to the light-heavy neutrino mixing. In the full basis, it is








































is the (3 + n
s
)  (3 + n
s
) dimensional Hamiltonian given by Eqs. 21,27, and Eq. 33 or Eq. 34 is the
most upper left part of the matrix Eq. 35. Thus, even though we consider the problem of light neutrinos propagation









It should be stressed here that, up to now, all Hamiltonians in Eqs. 21-35 are represented by hermitian matrices.
The transformations in Eqs. 28,32 are unitary as we sum over all n available neutrino eigenmass states.
If we now take into consideration the fact that, due to kinematical reasons, no heavy mass eigenstates in Eq. 32
can experimentally be produced, then the properly normalized states j~

>, which correspond to neutrinos produced

























































>6= 0;  6= : (37)
Let us notice [10, 11] that in this case the usual notion of avour neutrinos loose its meaning. For example, a
neutrino which is created with an electron, and is described by the state j~
e
>, can produce besides an electron also a
muon or a tau. It is better then to see active neutrinos as particles which are produced together with charged leptons
of particular avours (in some charged current weak decays), rather than particles having their own avours.
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0   
0 0 0 0   












This matrix, in contrast to the previous hermitian representations (in Eqs. 21-35), is not hermitian. In practice we
can solve the basic Eq. 20 either in the experimental j~

> or in the eigenmass j
i
> basis (in both cases we deal with
Hamiltonians having dimensions (3 + n
s
) (3 + n
s
)).
Let us assume that at time t = 0 the state j	(0) >= j~

(0) > is produced. In order to nd the state j~

(t) >, we
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0 0 0 0   
























For neutrino propagation in a uniform density medium we can solve the evolution equation analytically. Then it is
simpler to use the eigenmass basis in which the eective Hamiltonian H is hermitian. We will follow this approach in
the next chapter. In the case of a medium with varying density, Eq. 38 or Eq. 41 must usually be solved numerically.
Then any of them, hermitian Eq. 41 or non-hermitian Eq. 38, with appropriate initial conditions, from respectively
Eq. 43 or Eq. 40, can be used.
Finally, we should also remember that, the nonorthogonality of the j~

> states has some impact on theoretically























































Y . Thus, the



































Y . For other processes,
which we do not describe here (like, for example, neutrino elastic scattering), even more complicated "scaling" factors
appear.
8III. OSCILLATIONS OF LIGHT NEUTRINOS WITH CP AND T VIOLATING EFFECTS
In what follows oscillations of three light neutrinos with n
R
 1 non-decoupling heavy neutrinos will be considered.
































































































































Now, in order to implement eects of heavy neutrinos, as discussed in the Introduction (Eqs. 1,2), the submatrix V
must be introduced. As the number n
R
is unknown, V will be parametrized in a simplied way, using a single eective








































=2 and the 3 3 matrix U(

), to the order of O(
2


















































































































































are the unitary mixing matrix elements as in Eq. 47.













< 0:016 ; (50)














, so we will assume, as in the case of the
standard CP phase Æ [18], that any values in the range (0; 2i are possible. The matrix 

ki
in Eq. 7 is given by (R































































































W is a matrix build of eigenfunctions of 2EH
eff













































































































































































































































































It is interesting to notice that [11], while in the case of unitary mixing matrix (n
R





= 1, it is no longer true when n
R
 1. In this case, as a consequence of nonorthogonality of
the j~

> states, this sum can be bigger or smaller than 1, and its value changes with neutrino energy and distance
(time).
In agreement with Eq. 25, the transition probability for Dirac antineutrino or Majorana neutrino with  = +1 can





























































































































































































and new CP phases 
i




The rst eect can mainly be seen in numerical analysis. The presence of the additional term is more spectacular
and can be analyzed directly. For neutrino oscillations in vacuum (G
F




























(vacuum) = 0: (70)
In the normal medium, which is matter and not antimatter, P
CP
!
(matter) 6= 0. Heavy neutrinos will make this









' 0 ; (71)














































This means that CP and T asymmetries appear even for two avour neutrino transitions. Furthermore, for unitary
3 avour neutrino oscillations, moduli of all Jarlskog invariants are equal and, as a consequence, all T asymmetries











In addition, if any element of the mixing matrix is small (vanishes) then the above asymmetries are also small
(vanish). For V 6= 0 (and as a consequence V
0










































































The above relations and terms proportional to A
(i)
















For instance, if W
e3
= 0 then I
i3
e





Here we will present some numerical analysis of the standard and nonstandard CP and T violating eects for real
future neutrino oscillation experiments. In order to check the eect of non-decoupling heavy neutrinos in neutrino
oscillations, the CP and T asymmetries for two baselines L=295 km and L=732 km are calculated. Neutrino energy is









. These baselines are planed for several future experiments (e.g. JHF and SJHF in Japan with E  1
GeV [19]; ICARUS [20] and OPERA [21] in Europe, E  20 GeV; MINOS [22] in USA, E  10 GeV; and SuperNuMi
[23] in USA with E  3; 7; 15 GeV). In all these experiments neutrino beams from the pion decays will be used, so
they are mostly muon neutrino and antineutrino beams. Neutrino factories will give in addition electron neutrino and





































































































For L=250 km and L=732 km neutrinos pass only the rst shell of the Earth's interior [24] with a constant density








] = 1:96  10
 4




] = 1:0  10
 4
[E=GeV ].


































(Eq. 48) are small and satisfy the experimental constraints given by Eqs. 50,51. In
agreement with the above constraints two sets of 
















Figs. 2a,2b present P
CP
e!
(L=250 km) for neutrino oscillations in vacuum (Fig. 2a) and matter (Fig. 2b), respec-
tively. We can see that matter eects are very weak. The hatched regions in these gures, and in all following gures,
describe the classical unitary neutrino oscillations, with 0 < Æ  2, and they are similar in both cases. In Fig. 2b this
region is only slightly asymmetric. As parameters 





from unitary oscillations is very weak. The shaded regions in Figs. 2a,2b, and in all following gures, give
the allowed range of P
CP
e!




(Eq. 48) that change
in the domain 0 < 
i





! 0. In vacuum this
quantity equals to zero. In Fig. 2c a possible range of P
CP
e!
is depicted for non-unitary oscillations. In agreement
with our previous discussion (Eq. 72) such a quantity does not vanish. However, it is small, which comes out of strong
experimental bounds Eqs. 81,82. Situation does not change qualitatively in the matter case (Fig. 2d), except that this
12













must be discussed together with P
CP
!
quantities. Only then we can say if these eects can really be




transitions will follow in the next gures.






quantities in vacuum are presented as functions of neutrino energy for L=250
km and the rst set of 









in the non-unitary case (shaded region in Fig. 3a). We do not present results for e A
T
!







. We can see that for higher neutrino energies non-unitary eects can be very large (and increase with neutrino
energy). Unfortunately, oscillation probabilities themselves are getting smaller.





is 10 times smaller, also nonunitary eects are smaller by the same factor.
For L=250 km the eects of neutrino interactions in the Earth's matter are small and all presented quantities are
almost the same as in vacuum. Thus we do not present them here. However, for longer baseline experiments (L=732














transitions in vacuum and matter, respectively. The 

parameters are taken according to








shifts also slightly toward negative values (compare the shaded regions in Fig. 5a and Fig. 6a). Once again A
CP
!
(Fig. 5b and Fig. 6b) and A
T
!
(Fig. 6c) asymmetries are very similar to each other. They are larger for higher
neutrino energies but, unfortunately, not because P
CP
!
is larger, but because the probabilities for (anti)neutrino
oscillations are getting smaller.
V. CONCLUSIONS
The evolution equation for neutrinos propagating in matter is found in the case when heavy neutrinos do not
decouple and, as a result, the mixing matrix between light neutrinos is not unitary.
The neutrino propagation is described by a hermitian Hamiltonian found in the eigenmass basis of light neutrinos.
This basis is the most convenient to calculate physical eects. Two other basis which we consider, that means the full
orthogonal basis which contains both light and heavy neutrino states, and the "experimental" basis with nonorthogonal
light neutrinos only, are more complicated when applied to numerics. In the rst case, the Hamiltonian is hermitian













but is represented by a non-hermitian matrix.
If heavy neutrinos do not decouple, the notion of neutrino avour loose its meaning. In such case it is better
to see active light neutrinos as particles produced together with charged leptons of particular avours rather then
particles having their own avours. Moreover, the nonorthogonality of such neutrino states has also some impact on
theoretically calculated cross sections for neutrino production and detection.
We have found the equation which describes the propagation of light neutrinos in any polarized, nonhomogeneous,
charged matter. Numerical analysis is done in the simpler case of unpolarized, isotropic, and electrically neutral
matter.
The non-unitary neutrino mixing is especially important for CP and T violating eects in neutrino oscillation. Two
additional CP phases, which appear in the light-heavy neutrino mixing matrix, have crucial consequences in such
phenomena.
In comparison with normal unitary neutrino oscillation, the CP and T violation are generally larger and appear
even where standard eects are very small or vanish. The new CP and T violation eects depend on the strength








oscillation, where the bound on the c
e
parameters
coming from the non observation of the ! e decay are very stringent, the eects are smaller.




oscillation can give new information on
the light-heavy neutrino mixing. The bounds on such mixing, found in future neutrino experiments, can be stronger
then the same bounds coming from charged lepton violating processes.
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(f = e). Only diagram (a) contributes to neutrino-nucleon scattering n
i
+ f ! n
k
+ f (f = p; n).
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 )   Vacuum   250 [km] µν ; eν (  CP P∆ 
(a)















 )   Earth    250 [km] µν ; eν (  CP P∆ 
(b)













 )   Vacuum   250 [km] µν ; eν (  CP P∆ 
(c)
















(a) The probability dierence P
CP
e!
dened in Eq. 67, for L=250 km as a function of neutrino energy (oscillations in vacuum).
The hatched region describes normal unitary oscillations with 0 < Æ  2. The shaded region corresponds to the non-unitary




(Eq. 48) that change in the domain 0 < 
i
 2. The 







and the results are the same for both cases. Other oscillation
parameters correspond to the best LMA t values given in [25] (see the text for details).
(b) Neutrino oscillations in matter with the same parameters as in Fig. 2a. In this case neutrinos pass only the rst shell of





(c) Neutrino oscillations in vacuum with the same parameters as in Fig. 2a but for 
13








for neutrino oscillations in matter for 
13




6= 0 even for unitary neutrino oscillations.
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 )   Vacuum   250 [km] τν ; µν (  CP P∆ 
(a)





















(b) for neutrino oscillations in vacuum, L=250 km. Other parameters as in Fig. 2a, 

according to Eq. 81.












 )   Vacuum   250 [km] τν ; µν (  CP P∆ 
(a)





















(b) for neutrino oscillations in vacuum, L=250 km. Other parameters as in Fig. 2a, 

according to Eq. 82.
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 )   Vacuum   732 [km] τν ; µν (  CP P∆ 
(a)





















(b) for neutrino oscillations in vacuum, L=732 km. Other parameters as in Fig. 2a, 

according to Eq. 81.
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 )   Earth    732 [km] τν ; µν (  CP P∆ 
(a)





































(c) for neutrino oscillations in matter, L=732 km. Other parameters as in Fig. 2a,


according to Eq. 81.
